Mössbauer spectra of magnetic nanoparticles are usually influenced by fluctuations of the direction of the magnetic hyperfine field. In samples of non-interacting particles, the superparamagnetic relaxation usually results in spectra consisting of a sum of a sextet and a doublet with a temperature dependent area ratio. This is in accordance with the exponential dependence of the superparamagnetic relaxation time on particle size and temperature in combination with the particle size distribution. An alternative interpretation of these features is a first order magnetic transition from a magnetically ordered state to a paramagnetic state. We point out that this interpretation seems not to be correct, because the doublet component has been found to transform to a magnetically split component when relatively small magnetic fields are applied, and therefore it cannot be due to a paramagnetic state. In other cases, spectra of magnetic nanoparticles consist of sextets with asymmetrically broadened lines without the presence of doublets. It has been suggested that such spectra can be explained by a multilevel model, according to which relaxation takes place between a large number of states. We point out that spectra with asymmetrically broadened lines at least in some cases rather should be explained by the influence of magnetic inter-particle interactions on the magnetic fluctuations.
Introduction
Magnetic nanoparticles have important applications in, for example, ferrofluids, magnetic data storage media, biomedicine, catalysis, and they are commonly found in nature, e.g. in soils, rocks and meteorites; furthermore, there are several examples of nanoparticles playing an important role in living organisms [ 1] .
The magnetic properties of nanoparticles differ in many respects from those of bulk materials, and this has attracted much attention [1] [2] [3] [4] . Mössbauer spectroscopy is one of the experimental techniques used extensively for studies of the magnetic properties of nanoparticles. The shape of Mössbauer spectra of magnetic nanoparticles has for decades been the subject of numerous publications, but still there seems to be conflicting interpretations. At finite temperatures the spectra are usually strongly influenced by fluctuations of the magnetization direction, such as superparamagnetic relaxation. In many cases the spectra can be described as a sum of a sextet and a doublet with relatively narrow lines and with a temperature dependent area ratio. In other cases, the spectra consist of sextets with asymmetrically broadened lines with an average hyperfine field that decreases with increasing temperature. Both types of spectra have been interpreted by use of different models. In this paper we will discuss the validity of these models.
The superparamagnetic relaxation time

Models for the superparamagnetic relaxation time
Since the pioneering work on nanoparticles of hematite (α-Fe 2 O 3 ) by Kündig et al. [ 5] the standard interpretation of Mössbauer spectra consisting of a superposition of sextets and doublets with a temperaturedependent area ratio has been in terms of superparamagnetic relaxation. In the calculations of the superparamagnetic relaxation time one usually assumes uniaxial anisotropy with an anisotropy energy given by ‫ܧ‬ሺߠሻ = ‫ܸܭ‬ sin ଶ ߠ (1)
where K is the magnetic anisotropy constant, V is the particle volume and ߠ is the angle between the (sublattice) magnetization vector and the easy axis. In a ferromagnetic nanoparticle, with ߪ = ‫ܸܭ‬ ݇ ܶ ⁄ ≳ 2,
where ݇ is Boltzmann's constant and ܶ is the temperature, the superparamagnetic relaxation time is given by the Néel model as [ 6] 
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and is on the order of 10 ିଽ − 10 ିଵଷ s. Here ‫ܯ‬ ୱ [A/m] is the saturation magnetization, ‫ܩ‬ [Pa] is Young's modulus, ߛ [s -1 T -1 ] is the gyromagnetic ratio, and γ ୱ is the longitudinal magnetostriction constant. The Néel relaxation model is essentially an Arrhenius law describing the probability for relaxation between the two states of minimum energy at ߠ = 0° and ߠ = 180° separated by an energy barrier at ߠ = 90°. In the literature, Eq.
(2) is most often used with a constant value of τ N , i.e., neglecting the dependence of τ N on temperature and anisotropy as described in Eq. (3) . We will refer to this case as the simplified Néel model.
To distinguish the two cases, we will reserve the symbol τ N for Eq. (3) and use τ N େ when the value is assumed constant.
This two-level model was criticized by Brown because it does not take into account the population of low lying states within the energy wells and the diffusion of the moment orientation between them. Brown derived a Fokker-Plank differential equation, which describes the diffusion of the magnetic moment orientation by Brownian motion [ 7] . Brown also proposed an approximate solution for σ ≳ 2, which allows for a more general expression for the relaxation time as
Here, ܴ is an event or attempt frequency given by
where ߟ is a phenomenological damping constant. Brown argued that ߛ ିଵ ≈ ߟߤ ‫ܯ‬ ୱ for "ordinary sized specimens", which also results in the fastest relaxation [ 8] . This accounts for the latter expression in Eq. (5) .
The value of ܴ ିଵ is also the characteristic time for the diffusion of the magnetic moment orientation in the limit of zero anisotropy, i.e., ܴ ିଵ is the relaxation time in the isotropic limit, ߪ → 0. Again, in the literature, the value of ܴ is often assumed constant. To distinguish this case from that in Eq. (5), we will explicitly write ܴ େ when it is assumed that ܴ is constant and refer to this model as the simplified Brown model. ‫‬ is a population factor accounting for the influence of the population of different states within the energy well, which for σ ≳ 2 is given by [ 9] 
Note, that for a population factor of ‫‬ = 1, Eq. (4) reduces to Néel's model, Eq.
(2), with τ N = ܴ ିଵ , because it is essentially a two-level model with only the ground level populated [ 10] .
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Simple and accurate expressions for the relaxation time
The often made assumption in the literature of constant ܴ ିଵ or ߬ may result in a substantial error in the determination of ‫ܸܭ‬ from dynamic measurements vs. temperature. For particles of the same type, it is seen from Eqs. (3) and (5) that both ߬ and ܴ ିଵ depend on the particle volume and temperature. When these dependencies are included, the expressions for ߬ and ߬ show the same dependence on temperature and volume, but different dependencies on the anisotropy. Including the temperature and volume dependence of the exponential pre-factor, the relaxation time for σ ≳ 2 can be written as
with
In most cases, the saturation magnetization and anisotropy depend only weakly on temperature well below the Curie temperature and ‫ܥ‬ can therefore to a good approximation be treated as a constant such that
Eq. (7) is only valid for σ ≳ 2. An exact solution to Brown's differential equation, valid for all values of ߪ based on an infinite sum of confluent hypergeometric (Kummer) functions was found by Coffey [ 11, 12] . A variational approach was subsequently used to find the most accurate closed-form analytical approximation [ 13] . Written in terms of the constant ‫ܥ‬ defined in Eq. (8b), they found the relaxation time valid for all σ to
where ݂ሺߪሻ represents an infinite sum of Kummer functions, e is Euler's number and the last expression is the closed-form analytical approximation.
We can now discuss the consequences of assuming constant values of ܴ ିଵ and ߬ , respectively. Fig. 1a shows the normalized relaxation times obtained assuming constant ‫ܥ‬ (valid approximation), constant ߬ = ߬ େ (simplified Néel model) or constant ܴ ିଵ = ሺܴ ሻ ିଵ (simplified Brown model).
For σ > 2, we find using Eqs. (7) and (8) Experimentally, the relaxation time is measured as a function of temperature. Above, we have argued that Eq. (7) with a constant value of ‫ܥ‬ provides a good description of the relaxation time vs. ߪ for ߪ ≥ 2. Hence, the value of the KV and ‫ܥ‬ obtained from fits to Eq. (7) will correctly represent the superparamagnetic relaxation for all ߪ ≥ 2. However, in the literature, the analysis is often performed in terms of the Néel relaxation expression, Eq.
(2), with a constant value ߬ େ assumed for ߬ (blue line in Fig. 1a ) or in terms of the Brown relaxation expression, Eq. (4), with a constant value ሺܴ େ ሻ ିଵ assumed for ܴ ିଵ (red line in Fig. 1a ).
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Consequences of use of simplified Néel and Brown expressions
The anisotropy constant can be found from the slope of lnሺ߬ሻ vs.
ଵ ் for the different models. For ߪ > 2 the slope can be calculated analytically from Eqs. (2), (4) and (7) assuming constant values of ߬ , ܴ ିଵ , and ‫,ܥ‬ respectively, as
Eq. ሺ2ሻ with ߬ = ߬ େ :
Eq. ሺ4ሻ with ܴ ିଵ = ൫ܴ େ ൯ ିଵ :
The slope is often constant in the range of temperatures studied in the experiments. This can be inferred from Fig. 1a where the three models by eye all appear linear for ߪ > 5. Figure 1b 
Correction for use of simplified Néel and Brown expressions
To find the corresponding relations between ߬ େ and ‫ܥ‬ and ߬ େ and ‫ܥ‬ as function of ߪ, we insert Eqs. (11a) and (11b) in Eqs.
(2) and (4), respectively, and equate the resulting expressions to Eq. (7) to obtain
(12b) Figure 1c shows ߬ େ ‫ܥ‬ ⁄ and ሺܴ େ ሻ ିଵ ‫ܥ‬ ⁄ vs. ߪ as well as ሺܴ େ ሻ ିଵ ߬ େ ⁄ vs. ߪ. From the figure, it is observed that the deviation from one increases with increasing ߪ and that the deviation can be more than an order of magnitude. It is also clear that ߬ େ underestimates the value of ‫,ܥ‬ whereas ሺܴ େ ሻ ିଵ overestimates the value of ‫.ܥ‬ Therefore, great care should be taken when comparing values of ߬ େ and ሺܴ େ ሻ ିଵ obtained from such analyses.
It is also convenient to express ‫ܥ‬ in terms of ߬ େ and ߪ or ሺܴ େ ሻ ିଵ and ߪ . From Eqs. (11) and (12), we obtain
To be able to compare the parameters between experiments and models, parameters obtained using the above simplified and approximate Néel and Brown models can be corrected post-analysis to be of the generally correct form of Eq. (7) using the following procedure:
1) Estimate a range of ߪ or ߪ used in the experiment. Use the reported value of τ N େ or ሺܴ େ ሻ ିଵ and the interval of measurement times ߬ to calculate ߪ or ߪ using Eq.
(2) or (4).
2) Calculate ‫ܥ‬ from Eq. (13) (if in valid range of ߪ).
Mössbauer spectra with superposition of sextets and doublets
Effect of magnetic fluctuations and particle size
The shape of Mössbauer spectra in the presence of magnetic relaxation has been the subject of numerous publications since the early theoretical works by Afanas'ev and Kagan [ 15, 16] , Wickmann et al. [ 17] , and Blume and Tjon [ 18] . Figure 2 shows theoretical spectra calculated on the basis of the two-level model by Blume and Tjon where the magnetic hyperfine field fluctuates between values of ±55 T and the quadrupole shift is 0.1 mm/s. For relaxation times well below 1 ns the spectra consist of a doublet (or a singlet if there is no quadrupole interaction). For relaxation times much longer than 1 ns, the spectra consist of sextets. In the intermediate range of relaxation times the spectra have broadened lines, where all lines of the spectrum are significantly broadened.
Figure 2
Theoretical Mössbauer relaxation spectra calculated on the basis of the two-level relaxation model by Blume and Tjon [18] at the indicated relaxation times with a hyperfine field switching between ±55 T. A quadrupole shift of 0.1 mm/s was assumed.
In samples of superparamagnetic particles, there is inevitably a distribution of particle sizes and magnetic anisotropy constants, resulting in a distribution of relaxation times. At a given temperature, a fraction of larger particles may have relaxation times longer than the time scale of Mössbauer spectroscopy (τ M ~ a few nanoseconds) and contribute with a sextet component, whereas a fraction of smaller particles may have relaxation times shorter than τ M and contribute with a doublet or singlet component. Because of the approximately exponential temperature dependence of the relaxation time and the particle size distribution, the area ratio of the two components will depend on temperature. Particles with relaxation times on the order of τ M contribute with components with broadened lines. As an example, Fig. 3 shows Mössbauer spectra of samples of hematite nanoparticles with average diameters of 5.9 nm, 14.4 nm and 27 nm [ 19] . In these nanoparticles, the value of τ N େ was found to be on the order of 10 -11 to 10 -10 s using Mössbauer spectroscopy [ 19] . At low temperatures, the relaxation time is much longer than τ M and the spectra consist of sextets with relatively sharp lines. The magnetic hyperfine field is slightly reduced compared to the bulk value because of fast fluctuations of the magnetization vector in directions close to the easy direction of magnetization [20] [21] [22] . For a particle with uniaxial anisotropy, the magnetic hyperfine field at low temperatures (݇ ܶ ൏ 10‫ܸܭ‬ሻ is given by
Because of the particle size distribution, these fluctuations may lead to a temperature-dependent line broadening corresponding to a distribution of magnetic hyperfine fields. For such a distribution, the outermost lines of the magnetically split spectrum will be broadened more than the innermost lines corresponding to relative broadenings for lines 1:2:3 of 1:0.58:0.15. Thus, a signature of a magnetic hyperfine field distribution is that the outermost lines are broad whereas the innermost lines are sharp. At high temperatures, the relaxation time of the hematite particles may be much smaller than τ M resulting in spectra consisting of quadrupole doublets with relatively narrow lines (Fig. 3) . The spectra of all three samples show essentially only the presence of sextets and doublets with relatively narrow lines, and components with broadened lines due to particles with relaxation times on the order of τ M are not clearly visible. The solid lines are fits to the Blume-Tjon model with the particle size distribution taken into account.
In the fits, the model was modified to allow relaxation between plus and minus a magnetic hyperfine field given by Eq. (14) for each particle size to account for the magnetization fluctuations near the energy minima.
The fits show that only a small fraction of the particles have relaxation times on the order of τ M , i.e., only a very small fraction of the particles gives rise to broad spectra.
Page 10 of 28 To shed further light on the connection between the value of τ N େ , the particle size distribution and the appearance of the resulting Mössbauer spectra vs. temperature, we first calculate the link between the temperature ܶሺ݀ሻ at which particles of diameter d have a superparamagnetic relaxation time equal to ߬ for the simplified Néel relaxation model. Solving Eq.
(2) with ߬ = ߬ େ and ܸ = ഏ ల ݀ ଷ , we obtain
This expression links temperature and particle size for a given observation time. Considering Fig. 2 , we next note that particles with τ ≳ 10 -7 s and τ ≲ 10 -9 s contribute to a sharp-lined sextet and a doublet (or singlet), respectively, whereas particles with relaxation times between these values contribute with components that Page 11 of 28 are broadened by relaxation with the most significant broadening being for 3 ns ≲ τ ≲ 20 ns. In a more precise model, the value of ܶሺ݀ሻ can be found numerically by solving Eq. (9) with a constant value of ‫.ܥ‬ Figure 4 shows ܶሺ݀ሻ vs. ݀ for particles with K = 5⋅10 4 J/m 3 calculated from Eq. (9) for three values of ‫.ܥ‬ We have divided the plots in the bottom row of Fig. 4 into zones using the contours for τ = 1 ns, 3 ns, 20 ns and 100 ns, respectively. Regions of the T(d) vs. d diagram where particles contribute to a sharp-lined doublet and sextet are indicated by white and black, respectively. Particles contributing with relaxation components are indicated by shades of grey where a darker shade of grey indicates that the spectra are progressively more split. Particles contributing with substantially broadened spectra at a given temperature correspond to a medium grey color. The top row shows an example of a particle size distribution, p(d), which is assumed to be volume-weighted such that p(d)dd gives the volume fraction of particles with sizes between d and d+dd.
As an example, we consider a measurement temperature ܶ ୫ = 150 K for the three values of ‫ܥ‬ (related to ߬ େ in the simplified Néel model via Eq. (12a)) as indicated by the dashed horizontal line in the T(d) vs. d plots.
The parts of the particle size distribution contributing to the spectra with doublets, sextets and relaxation components at this temperature are indicated in the size distribution by the colors as described above. It is clearly observed that the fraction of the particles in the size distribution contributing with relaxation components, i.e., the grey colors in the top row of Fig. 4 , becomes progressively larger for increasing values of ‫ܥ‬ as the transition from white to black is broadened on the scale of particle diameters. Moreover, for ‫ܥ‬ = 9
ns, it is observed that none of the particles give rise to a spectrum, which has collapsed to a sharp-lined doublet. Moreover, it is clear that a substantial fraction of the particles will contribute with components affected by relaxation. For ‫ܥ‬ = 0.9 ns, only a small fraction of the particles will give rise to a collapsed spectrum. This shows that the sharp transition from a sextet to a doublet is primarily observed in particle systems with a low value of ‫ܥ‬ and a comparatively broad size distribution. 
First order magnetic phase transition?
Suzdalev et al. have proposed an alternative explanation of spectra such as those presented in Fig. 3 [23] [24] [25] [26] [27] [28] .
They obtained spectra of nanoparticles of, for example, ferrihydrite [23] [24] [25] , maghemite (γ-Fe 2 O 3 ) [ 24, 25] and hematite (α-Fe 2 O 3 ) [26] showing a superposition of sextets and doublets with a temperature-dependent area ratio. They suggested that the observed transition from sextets to doublets in Mössbauer spectra of magnetic nanoparticles is not due to an onset of fast superparamagnetic relaxation, but can be explained by a first order transition from a magnetically ordered state to a paramagnetic state. The same explanation was proposed by Lyubutin et al. in a study of nanoparticles of CoFe 2 O 4 [ 29] . Paramagnetic and superparamagnetic particles can be distinguished if Mössbauer spectra are obtained in applied magnetic fields. The magnetic energy of a magnet in an applied magnetic field is given by ‫ܧ‬ = − • , where is the magnetic moment and is the applied magnetic field. In a superparamagnetic nanoparticle, can be on the order of hundreds or thousands of Bohr magnetons and therefore magnetic saturation occurs in relatively small applied fields. For example, a magnetic field of ‫ܤ‬ ≈ 0.4 T is required to achieve 80% of saturation for a magnetic moment of 5000 Bohr magnetons at room temperature. In a paramagnetic particle, is the magnetic moment of an atom and is on the order of only a few Bohr magnetons, and therefore much larger fields are required to obtain magnetic saturation at finite temperatures. For example, a magnetic field of ‫ܤ‬ ≈ 400 T is required to achieve 80% of saturation for a magnetic moment of five Bohr magnetons at room Page 13 of 28 temperature. For atomic moments, the doublet component is only slightly affected by application of a small magnetic field. Numerous Mössbauer studies of magnetic nanoparticles have shown that the doublet usually is transformed to a sextet, when magnetic fields are applied. As an example, Figure 5 shows Mössbauer spectra of ferrihydrite particles at 80 K with various applied fields [ 30] . Obviously, the doublet seen at zero applied field transforms to a magnetically split spectrum, when a magnetic field is applied. Similarly, spectra of 7.5 nm maghemite transform from a doublet to a sextet at 295 K, when fields up to 0.5 T are applied [ 31] , and the spectra of weakly ferromagnetic 15 nm hematite nanoparticles transform from a doublet to a sextet when fields on the order of 1 T are applied at 230 K [ 32] . The spectrum of 5 nm antiferromagnetic goethite particles consists of a doublet at 260 K, but application of a magnetic field of 6 T results in a substantial broadening, corresponding to magnetic hyperfine fields up to around 40 T [ 33] . We know of no examples of doublet spectra of magnetic nanoparticles that are only slightly affected by applied magnetic fields as would be expected if they were paramagnetic. The excellent quality of the fits of the spectra in Fig. 3 also shows that the experimental data are in accordance with the model for superparamagnetic relaxation (although a simple visual inspection of the spectra might suggest an abrupt transition from a sextet to a doublet).
Therefore, there is no experimental evidence for a first order magnetic transition to a paramagnetic state in nanoparticles as suggested by Suzdalev et al. [23] [24] [25] [26] [27] [28] . 
Mössbauer spectra with asymmetrically broadened lines
In several studies, Mössbauer spectra of magnetic nanoparticles have been found to be quite different from those discussed above and do not consist of a superposition of sextets and doublets at finite temperatures.
Rather, they can be described as sextet components with asymmetrically broadened lines that are increasingly broadened with increasing temperature. This has been seen in, for example, several Mössbauer studies of hematite, maghemite and goethite nanoparticles, see, for example [ 31, [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . Two competing explanations for the line shape have been made in the literature: (1) that the relaxation is influenced by interparticle interactions;
(2) that the particles are non-interacting, but the intrinsic value of ‫ܥ‬ is relatively large.
Interparticle interactions -superferromagnetism
The asymmetrically broadened lines can be explained by inter-particle interactions (dipole-dipole interactions or exchange interactions), which may result in a blocking or ordering of the magnetic moments of the particles [ 1, [41] [42] [43] [44] [45] . The long-range dipole-dipole interactions can be important in samples of ferromagnetic and ferrimagnetic nanoparticles, which can have magnetic moments of up to several thousand Bohr magnetons. The magnetic moments of antiferromagnetic nanoparticles are much smaller, and dipole-Page 15 of 28 dipole interactions can therefore be considered negligible, but exchange interactions between surface atoms of particles in close proximity can be important. There are several observations showing that an increase of the inter-particle interactions can lead to a transformation of a doublet spectrum to an asymmetrically broadened sextet. Fig. 6 shows Mössbauer spectra of a frozen aqueous suspension of coated 20 nm antiferromagnetic hematite nanoparticles with negligible inter-particle interactions and of an uncoated dry sample of particles from the same fabrication batch [43] . Clearly, the increased interaction in the dried sample transforms the doublet spectra to sextets with asymmetrically broadened lines indicating an interaction-induced blocking of the magnetization fluctuations of the nanoparticles. Similar results were obtained in a study of 7 nm hematite nanoparticles [41] . In studies of ferrimagnetic nanoparticles, such as maghemite, a qualitatively similar influence of the strength of inter-particle interaction on the Mössbauer spectra has been found [ 31] , but the effect is less pronounced, because it is difficult to avoid long-range dipole-dipole interactions, even in dilute suspensions of particles. Page 16 of 28
The degree of alignment of the magnetic moments can be described by an order parameter, ܾሺܶሻ. The temperature dependence of the order parameter in an assembly of strongly interacting magnetic nanoparticles has been calculated by use of a mean field theory, which has been designated the superferromagnetism model [42] [43] [44] [45] . In a chain of interacting dipoles, a ferromagnetic ordering will be favorable [46] . In samples of, for example, interacting hematite [ 47] or goethite [ 44] nanoparticles, alignment of the sublattice magnetization vectors is also commonly seen, because of oriented attachment of the particles [44, 47] . In samples of randomly distributed ferromagnetic or ferrimagnetic nanoparticles, the moment directions will be more random such that the magnetic structure may resemble a spin glass (a super-spin glass) [ 4, 31, 48] , but the term "superferromagnetism model" has often been generally used for the mean-field model for interacting nanoparticles. In this model, the magnetic energy of a nanoparticle that interacts with its neighbors is written
where J eff is an effective interaction constant describing the magnetic interaction between a particle or grain with its neighbors, ‫ܯ‬ ሺܶሻ is the sublattice magnetization and
Here, M(T) is the instantaneous value of the sublattice magnetization vector and b(T) is the order parameter [41] [42] [43] [44] . The ordering or progressive interaction-induced blocking of the magnetization should be understood broadly and it does not necessarily imply axially aligned magnetic moments as perhaps indicated by the "superferromagnetism model" naming. This naming simply reflects that the mean-field model used for the description is analogous to the Weiss model for ferromagnetic atomic systems. The temperature dependence of the order parameter can be calculated by the use of Boltzmann statistics as
The order parameter b(T) can be found by solving numerically the coupled equations (16) This may explain the line broadening seen in the experimental spectra where the outer lines are progressively more broadened than the inner lines, and the spectra can be fitted with a distribution of magnetic hyperfine fields. Figure 7 shows the temperature dependence of the order parameter for the median hyperfine field estimated from fits of spectra of interacting 20 nm hematite nanoparticles [ 43, 45] . The line is a fit to the superferromagnetism model discussed above. There seems to be good agreement between the fit and the experimental data. From the fit one can estimate the interaction energy and the anisotropy energy. It was found that the estimated anisotropy energy (K N V/k B ≃ 650 K) was in excellent agreement with the value obtained from analysis of the spectra of the non-interacting particles. This strongly supports the validity of the model. The superferromagnetism model has also been successfully used to fit spectra of goethite (α-FeOOH) nanoparticles [ 33, 44] , and also in these studies it was found that the value of the anisotropy energy, estimated from the superferromagnetism model, was in accordance with that found in studies of noninteracting particles. 
Multilevel relaxation modeling -results for maghemite nanoparticles
The other possible explanation of sextet components with asymmetrically broadened lines is that the value of ‫ܥ‬ is relatively large. If ‫ܥ‬ is on the order of 10 -9 s, the relaxation will even at quite high temperatures not be so fast that the spectra consist of singlets or doublets with narrow lines. Spectra of this kind have been analyzed by using a multi-level model, originally proposed by Jones and Srivastava [ 34] . Whereas most authors have used a two-level model, i.e., a model which assumes relaxation only between the two states with minimum energy, corresponding to θ = 0º and θ = 180º, the multi-level model considers also transitions between a large number of states within the two energy wells. For a particle with magnetic energy given by Eq.
(1) and
Page 18 of 28 with a total spin S, there are 2S+1 states. The transition probability between adjacent states, S z and S z +1 is given by [34] ‫ݎ‬ሺS z → S z +1) = ܴ[S(S+1) -S z (S z + 1)] (19) where ܴ in Eq. (19) is the previously defined attempt frequency, Eq. (5). If S is large, the multi-level model is best described by the relaxation rate described by Brown; thus if ܴ ିଵ or ሺܴ େ ሻ ିଵ is compared to ߬ େ , it will be found to be larger in agreement with Fig. 1c . However, if S is small (e.g. S=1, three-level model) the moment orientation does not diffuse, and the relaxation is best described using the Néel relaxation model. For the multi-level model, the relaxation time was linked to ߪ and ሺܴ େ ሻ ିଵ using the Brown model, Eq. (9).
For each of these models, the value of ߪ = ߪሺ߬ሻ was found to obtain the value of ߬ given in the left of Fig. 8 . Fig. 8d shows the corresponding values of ߪሺ߬ሻ obtained for the three-level model (green) and the multilevel model (red) for ሺܴ େ ሻ ିଵ = 0.1 ns (circles), 5 ns (triangles) and 100 ns (squares). To understand the interplay between the values of ሺܴ େ ሻ ିଵ and ߪ for each of the models, we first compare the shape of the calculated spectra for fixed values of ܴ ିଵ . For the low value ሺܴ େ ሻ ିଵ =0.1 ns (Fig. 8a) , it is observed that the two and three-level models resemble the shape of multi-level model, but without accounting for the collective magnetic excitations. For increasing values of ሺܴ େ ሻ ିଵ (Figs. 8b-c) , the diffusion of the moment orientation becomes increasingly important and the spectra of the multi-level model deviate more from the two-and three-level models. For ሺܴ େ ሻ ିଵ = 100 ns and small barrier heights, staircase-like spectra are observed.
The above observations on Fig. 8 show that the shape of relaxation Mössbauer spectra is described by ܴ ିଵ Page 20 of 28
However, if the spectrum is completely relaxed, it will be independent of ܴ ିଵ . Thus, only fitting to partially collapsed spectra will provide reliable determination of ܴ and ‫.ܥ‬
Landers et al. [ 40] recently used the multi-level model to fit Mössbauer spectra of 6.3 nm magnetite particles with various inter-particle separation of the magnetic nanoparticles, and found that they could be reasonably fitted assuming the constant ሺܴ େ ሻ ିଵ = 1.37 ns. Using Eq. (13b), we estimate the corresponding value of ‫ܥ‬ to 0.36 ns. In several papers by Chuev et al. on the use of the multi-level model for fits and simulations of Mössbauer spectra of magnetic nanoparticles [36] [37] [38] [39] it was found that for KV/k B T ≲ 1, the spectra were magnetically split with asymmetrically broadened lines. This implies that ܴ ିଵ should be considerably larger than 1 ns. 
Magnetization measurements on maghemite nanoparticles
In order to establish whether the spectra should be explained by a relaxation time on the order of 10 ି଼ s or larger or by inter-particle interactions it is essential to have reliable estimates of ‫.ܥ‬ Most experimental results were analyzed using the Néel model, Eq.
(2), with a constant ߬ = ߬ େ . The value of ߬ େ was estimated in several papers on maghemite nanoparticles with negligible inter-particle interactions.
Jonsson et al. [ 49] performed measurements on a dilute frozen ferrofluid with coated maghemite nanoparticles with a particle size of 7 nm. The particle concentration by volume was 0.03%, and assuming a homogeneous dispersion of particles, the dipole-dipole interactions and exchange interactions could therefore be considered negligible. ZFC magnetic relaxation measurements were made after zero-field cooling of the sample. The sample was then gradually heated. After reaching the measurement temperature, a small field was applied and the magnetization was measured as a function of time. From these measurements they obtained ߬ େ ≃ 0.4 ns. The sample was also studied by AC magnetization measurements and the results were in accordance with the value of ߬ େ estimated from the ZFC magnetization measurements.
Dormann et al. [ 50] studied samples of maghemite nanoparticles with different strength of the inter-particle interactions. AC magnetization measurements of a sample of 7.1 nm particles with negligible interactions showed a temperature dependence of the relaxation time in accordance with Eq.
(2) and a value of ߬ େ close to 10 −10 s. Prené et al. [ 51, 52] prepared samples of non-aggregated maghemite nanoparticles with different mean diameter, dispersed in a polymer. Samples were made with different concentrations of particles. Figure 9 shows room temperature Mössbauer spectra of samples with mean diameters, d, of 5. to a fraction of particles with larger diameters. These spectra show unambiguously that ߬ and hence ߬ େ for the studied maghemite nanoparticles was shorter than 1 ns. Only the sample with the largest particles showed a magnetically split spectrum. The relaxation time was found to decrease with increasing concentration of particles. This was explained as due to a decrease of the average energy barriers with increasing dipole interaction in samples of weakly interacting particles [ 53] . The relaxation slowed down only for the more concentrated samples and eventually a collective state was formed [ 48] . In another, more recent, study of a ferrofluid, containing 7 nm maghemite particles with negligible inter-particle interactions, AC magnetization measurements were used. In this case it was found that ߬ େ was around 0.006 ns [ 54]. The ‫-ܥ‬values obtained using the multi-level model of Mössbauer spectra (Table 1 ) are in some cases higher [35] or much higher than [36] than the value of ‫-ܥ‬values obtained from magnetization measurements in Table 2 . The expression for the superparamagnetic relaxation time, Eq. (7), with a constant value of ‫ܥ‬ was in Section 2.2 found to be a good representation of the exact relaxation time for ߪ > 2. Therefore, for noninteracting particles of the same type, the ‫-ܥ‬values estimated in Tables 1 and 2 are expected to be valid representations of the superparamagnetic relaxation time in the entire investigated temperature range. It is therefore valid to compare the values of ‫ܥ‬ obtained from analyses of Mössbauer spectra in Table 1 with the corresponding values obtained from magnetization measurements in Table 2 .
Discussion
The ‫-ܥ‬values generally appear to be in the range 0.2-1 ns. Of the literature results, the analysis based on Ref.
[ 36] in Table 1 yielded a value of ‫ܥ‬ that was exceedingly high. Ref. [ 35] reported results corresponding to a ‫-ܥ‬value of 2-5 ns and Ref. [ 49] reported a ‫-ܥ‬value of 1.2 ns. Although good fits of the multilevel model to Mössbauer spectra were obtained in Ref. [ 35] , the comparison to the ‫-ܥ‬values in Tables 1 and 2 suggests that these samples were influenced by interparticle interactions. This may also be the case (but to a lesser extent)
for the sample studied in Ref. [ 49] . Ref. [ 54] reported results corresponding to a very low ‫-ܥ‬value of 0.016 ns. The origin of this low value is unknown.
In summary, it is clear that the multilevel model can fit spectra that are influenced by interparticle interactions, and that these spectra have a larger ‫ܥ‬ value compared to free particles analyzed by other methods. The multilevel model does not explicitly describe interparticle interactions. Therefore, great care should be taken to ensure that samples are not subject to interparticle interactions as the validity of the resulting parameters is otherwise questionable. It would also be greatly beneficial to perform the analysis Page 24 of 28 using Eq. (7) with a constant ‫ܥ‬ and hence use the ߪ-dependent value of ܴ ିଵ given by Eq. (8b) rather than assuming that it is constant.
Conclusions
We have given a short review of the models for superparamagnetic relaxation in nanoparticles and the validity of the commonly used approximations to the exact values of the relaxation times. We showed that the use of the simplified Néel and Brown models may lead to deviations of the estimated parameters by up to about one order of magnitude compared to the exact values. We especially discussed the interpretation of Mössbauer spectra of magnetic nanoparticles. Often the spectra consist of a superposition of sextets and doublets with a temperature-dependent area ratio, and such spectra are usually explained by the influence of superparamagnetic relaxation. However, it has also been suggested that they may be explained by a first order magnetic transition from a magnetically ordered state to a paramagnetic state. We showed that this interpretation is not correct, because it is not in accordance with the magnetic field dependence of the spectra.
Many Mössbauer studies of, for example, maghemite nanoparticles show magnetically split spectra with asymmetrically broadened lines. Such spectra have in several cases been analyzed by using a multi-level model for non-interacting particles with an intrinsic value of ߬ େ on the order of 1 ns or larger. This model can give reasonably good fits to the spectra. However, several studies of maghemite nanoparticles with negligible inter-particle interactions have shown that ߬ େ is shorter than 1 ns. Because of this discrepancy, it seems that some of the parameters, estimated from fits with the multi-level model, may not be correct.
Magnetic interactions between nanoparticles can have a significant influence on the relaxation, and can also lead to Mössbauer spectra with asymmetrically broadened lines. We suggest that some of the Mössbauer spectra, which have been analyzed by use of the multi-level model for non-interacting particles, should rather be analyzed by use of models that take into account the influence of inter-particle interactions on the relaxation.
